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Abstract

A representer approach is used to assimilate M2 tide gauge harmonics into a high-resolution two-dimensional finite

element model of Puget Sound and the waters surrounding Vancouver Island. A preliminary model solution which

employs a conventional drag coefficient for quadratic bottom friction is shown to produce elevation amplitudes and

phases that differ significantly from the harmonics computed from an analysis of tide gauge observations. The

assimilation procedure not only rectifies this problem but also shows that this better fit implies significant momentum

equation residuals in regions where strong turbulent mixing and internal tide generation are known to occur. Thus, the

assimilation identifies regions where dissipation beyond conventional bottom friction is required. Computed dissipation

rates arising from these residuals reveal the largest energy sinks to be in the Gulf and San Juan Islands, Juan de Fuca

Strait, and the channels off northeast Vancouver Island.
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1. Introduction

This paper describes the assimilation of M2 tide
gauge harmonics into a high-resolution, two-
dimensional (2D), tidal model of Puget Sound
and the waters surrounding Vancouver Island
(Fig. 1). Though several tidal models have
previously been developed for parts of this region
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an).
(Crean et al., 1988; Stronach, 1991; Foreman et al.,
1995 (henceforth F95); Foreman and Thomson,
1997; Cummins et al., 2000) and a circulation
model covering approximately the same domain
has been developed to study the buoyancy flows
(Masson and Cummins, 2000), this is the first
model to provide high resolution throughout the
complicated channels off northeast Vancouver
Island. Despite this high resolution, it will be
shown that 2D barotropic model calculations with
a traditional value of 0.003 for the quadratic drag
coefficient produce tidal elevation amplitudes that
are much too large throughout most of Puget
y Elsevier Ltd. All rights reserved.

www.elsevier.com/locate/csr


ARTICLE IN PRESS

Fig. 1. Geography and depth contours (meters) for south-

western British Columbia and northwestern Washington State.
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Sound and the Strait of Georgia. This should not
be surprising as Crean et al. (1988) (henceforth
C88) had to increase their bottom friction coeffi-
cient significantly in Haro Strait and several other
channels in order to model tide gauge harmonics
accurately. The need for this increased friction was
not due to different bed types but because in these
regions additional energy is removed from the
tides through mechanisms such as turbulent
mixing, internal tide generation, side wall friction
with flow separation, form drag, and incomplete
nonlinear interactions among tidal constituents
and with background flows. Rather than increas-
ing bottom friction coefficients in an ad hoc
fashion to account for these missing dissipation
mechanisms, we adopt a more systematic ap-
proach and assimilate observations into the model.
Momentum equation residuals are inspected to
determine the precise areas where additional (or
less) dissipation is required to reconcile the model
dynamics with the data.

In addition to high dissipation, the complicated
coastline and bathymetry around Vancouver
Island make simulations especially difficult. Since
the resonance period for the system is approxi-
mately 16 h (Sutherland et al., in press), both the
diurnal and semi-diurnal constituents have stand-
ing wave patterns in the upper portions of the
Strait of Georgia where the tidal response arises
predominantly from two propagating components.
One moves eastward through Juan de Fuca Strait
and then northward into the Strait of Georgia,
where it is partially reflected at the northern end.
The other moves southward through Queen
Charlotte Strait and a complicated a network of
channels of which the main conduits are Johnstone
Strait and Discovery Passage (Fig. 1). An accurate
simulation for the Strait of Georgia requires that
the tidal waves emerging near Campbell River
have just the right amplitude and phase. This is
difficult as the M2 phase varies substantially
through the northern channels.
Although there is a substantial estuarine flow in

both Juan de Fuca and Johnstone Straits (Thom-
son and Huggett, 1980; Thomson, 1981; Masson
and Cummins, 2000; Masson, 2002) due to the
runoff of several rivers of which the Fraser River is
the largest, these flows have not been included in
this study. Likewise, important baroclinic features
associated with the tides (Gargett, 1976; Thomson
and Huggett, 1980; Crawford and Thomson, 1984;
Farmer et al., 1995; Cummins et al., 2000) have
also been neglected by assuming a homogeneous
density throughout the model domain. Though we
recognize the important role of both these
features, our immediate intent is to demonstrate
that an assimilating, high-resolution, barotropic
model can reproduce the tidal signal accurately.
The approach is to produce a best fit tidal field
that is consistent with the observations and
approximately satisfies the barotropic momentum
equations.
The assimilation was carried out by applying

Bennett’s (1992, 2002) representer technique to the
frequency-domain finite element methods
TIDE3D (Walters, 1992) and FUNDY5 (Lynch
and Naimie, 1993; Naimie et al., 1994). As
described and demonstrated in Egbert and Ero-
feeva (2002) (henceforth E02), Lyard (1999), and
Kurapov et al. (2003), representers can not only be
calculated quite efficiently with frequency-domain
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models but also their spatial forms can reveal
interesting dynamical characteristics of the region.
This will also be demonstrated below.

This paper is organized as follows. In Section 2,
the numerical technique and triangular grid are
described briefly. In Section 3, tidal heights and
currents computed with the forward model are
compared with tide gauge and current meter
observations. In Section 4, the assimilation
approach is described and used to improve the
prior model solution. In Section 5, dissipation
estimates are computed for both bottom friction
and the momentum equation residuals. Finally, in
Section 6, the results are summarized and future
work is outlined.
Fig. 2. Tide gauge and current meter observation sites for

assimilating into, and evaluating the performance of, the tidal

model. Names of numbered sites are listed in Tables 1 and 2.
2. Numerical techniques

Initial tidal heights and currents were calculated
with the TIDE3D finite element model that solves
the 3D shallow water equations with conventional
hydrostatic and Boussinesq assumptions, and an
eddy viscosity closure in the vertical. The parti-
cular numerical technique has been described in
detail by Walters (1992) and F95. The quadratic
bottom friction and vertical viscosity coefficients
were set to constant values of 0.003 and 1.0m2/s,
respectively. The former is a typical value (Lyard,
1999; Foreman et al., 1993) while the latter was
chosen much larger than normal to produce an
essentially 2D solution. (For the present applica-
tion we are not interested in vertical variations in
the horizontal currents and the large vertical
viscosity has the desired effect of producing
currents that are virtually constant throughout
the water column.) The same approach was
employed in Foreman et al. (2000). The Coriolis
parameter is given a constant value appropriate
for 501N and the tide generating potential, earth
tide, and loading and self-attraction were omitted
from the simulations as their effects have been
shown to be minor for a model domain of
approximately the same size (Foreman et al.,
1993). C88 also showed that direct gravitational
forcing produces no significant change in their
tidal model results for the Fuca/Georgia/Puget
system.
Although only the results from constituents M2

and K1 will be reported here, the eight most
important constituents (M2, S2, N2, K2, K1, O1, P1,
Q1) were included in the prior model. This was
done to ensure that nonlinear interactions, pri-
marily via quadratic bottom friction and advec-
tion, would be approximately represented. At
Victoria (site 4 in Fig. 2) and Point Atkinson (site
16 in Fig. 2), the eight forcing constituents,
respectively, account for 84.7% and 86.1%, of
the tidal height range in the diurnal and semi-
diurnal frequency bands.
Boundary conditions for the tidal model are

zero flow normal to the coast and specified
elevations along the open sea. The amplitudes
and phases for these elevations were interpolated
from a model of the northeast Pacific Ocean
(Foreman et al., 2000) that optimized its boundary
forcing by assimilating tidal harmonics computed
from time series at ground-track crossover loca-
tions of the TOPEX/Poseidon satellite.
The triangular grid for the model (Fig. 3) has

67,824 nodes, 113,631 triangles, and triangle sides
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Fig. 3. Triangular grid for the finite element model.
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that vary in size from approximately 12 km
offshore to 130m in Seymour Narrows (site 21 in
Fig. 2). The grid is a combination of the smaller
grids previously developed for Juan de Fuca and
Georgia Straits (F95), for the continental shelf
west and north of Vancouver Island (Foreman and
Thomson, 1997; henceforth F97), for Puget Sound
(Walters and Takagi, 1997), and for the compli-
cated network of passages northeast of Vancouver
Island.

Apart from the obvious difference of finite
elements versus finite differences, our data assim-
ilation approach follows closely the methodology
described in E02. In particular, although our prior
solution was nonlinear (including quadratic bot-
tom friction, advection, and wave-drift), the
correction to this initial solution was assumed to
be linear with a spatially varying bottom friction
coefficient that was proportional to the prior root
mean square (rms) tidal speed (Foreman et al.,
2000). As shown by Walters (1992), making such
an adjustment to this coefficient is equivalent to
using the first term in a Taylor expansion of
quadratic bottom friction. Dynamical error covar-
iances were assumed to have the same general
form described in Egbert et al. (1994) (henceforth
E94) with a constant decorrelation length scale
that, after some trial and error calculations to
determine smoothness, was set to 20 km. Explicit
formulations will be described later. And as
discussed in E02 and E94, the generalized penalty
function was formulated in terms of the shallow
water equations, rather than the wave equation, so
that if desired, the dynamical errors could be
restricted to only the momentum equations.
Finally, although the penalty function can easily
include errors in both the ocean boundary forcing
and the no-normal flow coastal boundary condi-
tion, we assumed both these errors were zero. The
latter assumption is justified by our high spatial
resolution while the former is justified by the fact
that our boundary forcing was taken from a larger
domain model (Foreman et al., 2000) that already
assimilated TOPEX/Poseidon harmonics. Around
Vancouver Island, the grid resolution of this larger
model was comparable to that shown in Fig. 3.
However, the section from the northern Strait of
Georgia through to Queen Charlotte Strait was
not included, and compensating boundary forcing
was estimated from nearby tide gauge harmonics.
3. The prior model solution

Fig. 4 shows the M2 and K1 elevation ampli-
tudes calculated with the Walters (1992) model
and a conventional bottom friction coefficient of
0.003 while Table 1 compares the amplitudes and
the associated phases with harmonics computed by
analysing time series from the 32 tide gauge sites
shown in Fig. 2. Although observations exist at
many more sites (e.g., see F95 and F97) only a
representative subset with broad spatial coverage
was chosen here. Differences between the two sets
of harmonic constants are calculated as distances,
D, in the complex plane; i.e.,

D ¼ fðAo cos go � Am cos gmÞ
2

þ ðAo sin go � Am sin gmÞ
2
g
1=2; ð1Þ

where Ao, Am, go, and gm are the observed and
modelled amplitudes and phases, respectively.
Fig. 4 displays the M2 degenerate amphidrome

near Victoria, amplification of the both the M2

and K1 elevations in the Strait of Georgia, and
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Fig. 4. Prior (a) M2 and (b) K1 amplitudes (cm) computed with the Walters (1992) TIDE3D model.
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diurnal shelf waves along the western continental
shelf of Vancouver Island, all features that were
described and modelled in F95 and F97. However,
they are not necessarily in the same locations nor
do they have the same magnitudes. Table 1
indicates that the present inaccuracies are gener-
ally much larger than those in F95 and F97.

Average values of D for the 32 sites of Table 1
are 38.2 and 11.3 cm for M2 and K1, respectively.
Table 1 shows that from Victoria through to Big
Bay, both the M2 and K1 model amplitudes are
consistently too large. The associated phase lag
differences, on the other hand, have opposite
patterns. The M2 model phases are generally too
large (late) while the K1 phases are consistently too
small (early). Though the K1 model results suggest
the need for more damping, the M2 values are
inconclusive, seemingly because misplacement of
the degenerate amphidrome off Victoria has
caused some large phase discrepancies in the Gulf
and San Juan Islands and Puget Sound. C88 had
similar accuracy problems that were largely
rectified by arbitrarily increasing the bottom
friction coefficient in several passages north of
Campbell River and among the Gulf/San Juan
Islands. Preliminary application of a similar
approach was also found to improve our results.
However, as both the magnitude of these frictional
increases and the choice of regions to which they
should be applied were done on an ad hoc basis, it
was felt that a more rigorous approach should be
employed. Inverse methods provide this capability.
The reason that F95 obtained much more

accurate results than our prior solution warrants
an explanation. Both calculations solved the same
dynamical equations with the same Walters (1992)
code. Their only differences were the extent of the
domain, the boundary forcing, and the different
values for the bottom friction and vertical viscosity
coefficients. However, these coefficient changes do
not account for the differences in the model
results as a separate run with the same values
and vertical layers used in F95 produced very
similar harmonics to the prior values listed in
Table 1. (M2 amplitudes were again too large by
about 40% in northern Georgia and the average D

was about 43 cm.) So the differences must arise
from the other two reasons. Not only did the
model domain in F95 exclude western Juan de
Fuca Strait, Puget Sound and the northern half of
the Strait of Georgia but also the forcing
harmonics along those boundaries were taken
from nearby tide gauges. This forced the harmo-
nics in the Gulf and San Juan Islands to be more
accurate. The model domain for the present study
is much larger and the boundary conditions are
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Table 1

Observed and calculated M2 and K1 elevation amplitudes (cm) and phase lags (degrees, UTC) at the numbered sites shown in Fig. 2

No. Site Observed M2 Model M2 D Observed K1 Model K1 D

Amp. Phase Amp. Phase Amp. Phase Amp. Phase

1 Neah Bay 78.7 246.3 73.6 249.1 6.3 49.7 248.3 48.4 244.8 3.3

2 Port Renfrew 70.8 241.1 64.1 243.4 7.2 45.3 254.1 46.9 250.7 3.1

3 Port Angeles 51.4 307.1 52.5 343.3 32.3 66.7 261.8 67.0 257.5 5.1

4 Victoria 37.0 317.7 42.6 8.5 34.5 63.6 269.6 66.2 265.5 5.3

5 Port Townsend 68.4 350.5 89.7 19.2 44.3 76.4 270.8 75.9 266.1 6.2

6 Bangor 102.4 4.1 126.6 31.2 58.6 83.5 274.8 82.4 269.7 7.5

7 Seattle 107.0 11.4 136.3 35.7 58.6 83.1 277.3 83.8 270.9 9.4

8 Tacoma 113.9 11.8 145.2 36.6 63.5 83.8 277.9 85.1 271.1 10.1

9 Cherry Point 73.4 22.8 115.3 27.8 42.7 81.7 282.8 83.1 270.7 17.5

10 Friday Harbour 56.5 9.7 90.2 24.3 38.3 75.8 278.8 77.8 269.0 13.2

11 Hanbury Point 52.8 357.3 82.1 22.0 40.6 75.3 275.1 75.8 268.1 9.2

12 Sidney 55.4 5.9 92.2 29.3 46.8 76.6 277.6 78.0 271.0 9.0

13 Fulford Harbour 58.2 12.7 100.3 29.3 47.5 75.3 280.0 79.7 271.1 12.8

14 Patos Island 68.0 25.0 112.6 29.7 45.1 79.0 285.6 82.7 271.8 19.8

15 Tsawwassen 81.1 27.8 125.7 29.8 44.8 83.4 284.8 85.8 271.7 19.4

16 Point Atkinson 91.9 31.0 139.2 31.6 47.3 86.2 286.2 88.5 272.7 20.7

17 Winchelesea Is. 95.2 32.6 142.8 32.8 47.6 87.5 286.7 89.4 273.5 20.4

18 Little River 99.4 32.9 145.5 32.8 46.1 90.2 287.0 90.7 273.7 21.0

19 Twin Islets 101.3 35.4 144.1 33.3 43.0 90.4 287.5 91.0 273.9 21.6

20 Campbell River 82.5 18.4 122.7 23.7 41.3 84.6 284.0 86.7 270.9 19.7

21 Seymour Narrows 94.6 320.1 101.6 5.7 76.4 69.2 272.1 81.5 265.8 14.9

22 Owen Bay 85.0 319.9 98.9 358.8 62.7 67.8 272.7 79.5 264.0 16.2

23 Big Bay 75.5 14.9 118.5 21.0 44.1 83.3 283.5 85.6 269.4 20.9

23 Chatham Point 90.3 305.1 85.8 352.0 70.3 65.4 270.5 77.4 263.2 15.0

25 Yorke Island 117.1 271.8 84.4 284.4 39.4 55.8 260.0 64.0 255.2 9.7

26 Alert Bay 127.2 259.5 111.9 258.9 15.3 51.6 256.6 55.8 250.9 6.8

27 Port Hardy 133.2 253.2 119.5 251.8 14.1 49.9 250.5 51.6 248.5 2.5

28 Montagu Point 152.7 261.9 130.1 258.6 24.0 52.5 254.5 56.7 251.2 5.2

29 Siwash Bay 156.2 265.4 135.3 258.8 26.8 52.6 256.5 57.3 251.3 6.9

30 Winter Harbour 100.0 243.2 99.9 244.7 2.6 43.1 246.7 45.9 243.7 3.5

31 Bella Bella 131.1 249.7 128.2 248.8 3.6 46.5 251.7 47.7 250.6 1.5

32 Tofino 98.5 241.9 98.9 238.1 6.5 38.8 242.0 40.1 236.4 4.1

Note: Differences D (cm) are calculated using Eq. (1).
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imposed substantially farther away. Consequently
in Fuca/Georgia/Puget, the model solution will, to
a much larger extent, be determined by the
dynamical equations rather than the boundary
conditions. This is evident in Table 1. Model
harmonics at tide gauge locations adjacent to the
open ocean (e.g., numbers 1, 2, 30, 31, 32) are
generally quite accurate, indicating that the
forcing conditions and ocean dynamics have been
simulated with reasonable accuracy. The fact that
the large discrepancies are restricted to the inland
waters indicates that the model physics have not
captured actual dynamics. Experiments have
shown that the M2 response in the Strait of
Georgia is very sensitive to forcing near Campbell
River. To simulate this correctly with a model
domain that extends northward to Queen Char-
lotte Sound, the dissipation has to be correct in
Discovery Passage and Johnstone Strait where
tidal speeds may reach 8m/s (Canadian Tide and
Current Tables, 2002). This is a difficult task.
In general, all the semi-diurnal constituents

exhibited a relative accuracy similar to that for
M2, while all the diurnals exhibited accuracy
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similar to that for K1. The fact that the prior
model accuracy for K1 is much better than for M2

suggests that it may be less sensitive to the forcing
near Campbell River.

Table 2 presents a partial validation of the prior
model currents. In each case, the current is
essentially rectilinear so only the along-channel
amplitude and phase are given. In cases where
there were at least two current meters in the water
column, a weighted average was used to estimate
barotropic harmonics that could be compared
with the 2D model results. In general, the accuracy
is not as good as in F95 and F97 and the results at
Juan de Fuca West and Haro 183 substantiate this
fact. Four of the remaining five sites are located in
the northern channels, a region that until now has
not been modelled with such high resolution. Both
the Haro 183 and Johnstone Strait Central tidal
currents (the latter is station 03 in Thomson and
Huggett, 1980) have significant baroclinic compo-
nents that cannot be captured with the present
model. Note that the model M2 speeds are too
large in both Juan de Fuca and Johnstone Straits,
reinforcing the impression that more energy loss is
required. These are the two conduits for tidal
energy into the Strait of Georgia and Puget Sound.
Discrepancies in Seymour Narrows, Arran Ra-
pids, and Weyton Passage may reflect the need for
further grid resolution and/or inaccuracies in the
observations. In the first two cases, the current
harmonics were computed with an empirical
hydraulic model that used pressures measured at
nearby locations, rather direct observations. The
Table 2

Observed and calculated along-channel M2 and K1 current amplitud

shown in Fig. 2

No. Site M2 observed M2 model

Amp. Phase Amp. Pha

33 Juan de Fuca West 38.9 294 50.2 303

34 Juan de Fuca East 73.5 304 93.2 305

35 Haro 183 51.3 321 60.1 314

36 Seymour Narrows 466.1 113 373.6 133

37 Arran Rapids 456.4 267 629.2 286

38 Johnstone Central 38.1 88 65.2 118

39 Weyton Passage 165.4 82 119.2 119

Note: Differences D (cm/s) are calculated using Eq. (1).
accuracy of such an approach has been questioned
(M.J. Woodward, pers. comm.) for Seymour
Narrows in particular.
4. Assimilation and representers

Disagreement between the prior model results
and the observations is due to a combination of
incomplete and inaccurate physics and inaccurate
numerics. We suspect the former is primarily
comprised of poorly represented dissipation me-
chanisms such as turbulent mixing, internal tide
generation, form drag, and interactions with other
types (e.g., estuarine) of flows, but there could be
other contributors such as inaccurate nonlinear
interactions. The latter generally arise from coarse
model resolution and various approximations
adopted in both discretizing and solving the
governing differential equations. Given the highly
resolved grid employed in this study and the fact
that previous studies (F95 and F97) have shown
our numerical techniques to be reasonably accu-
rate, we shall ignore the discrepancies arising from
inaccurate numerics and focus on the inaccurately
represented dissipation mechanisms.
As described in texts on data assimilation

(Bennett, 1992, 2002; Wunsch, 1996), observations
can compensate for deficiencies in numerical
solutions arising from errors in the model
dynamics, boundary conditions, and initial condi-
tions. The general approach is to construct and
minimize a cost function, J; comprised of the sum
es (cm/s) and phase lags (degrees, UTC) at the numbered sites

D K1 observed K1 model D

se Amp. Phase Amp. Phase

13.2 28.3 196 25.3 187 5.2

19.8 44.9 21 43.4 7 10.9

11.1 37.1 221 34.0 201 12.7

171.9 100.8 337 108.5 358 38.9

247.3 99.1 149 117.8 158 25.2

37.4 12.1 27 19.3 348 12.5

100.4 51.8 345 56.5 10 23.9



ARTICLE IN PRESS

M.G.G. Foreman et al. / Continental Shelf Research 24 (2004) 2167–21852174
of squares of data misfits and dynamical errors
subject to pre-assigned weights. Ignoring errors in
the initial conditions, as they do not apply in
frequency-space solutions, and errors in the
specified and coastal boundary conditions (for
reasons described earlier), we write our cost
function as

Jfu; dg ¼ ðSu� f0Þ
�
C

�1

d ðSu� f0Þ

þ ðLu� dÞ
�
C

�1

o ðLu� dÞ; ð2Þ

where Su=f0 are the linearized (or tangent linear
version of the) shallow water equations in matrix
form, and the asterisk denotes the conjugate
transpose. Lu�d is the difference between the
dynamic solution u and the observations d, with L
a measurement functional interpolating the nu-
merical solution to the observation sites. Cd and
Co are covariance matrices expressing estimates of
the magnitude and correlation structure of dyna-
mical and observational errors, respectively. Con-
sistent with Chua and Bennett (2001) we assume
Co is diagonal, and Cd is bell-shaped in space and
will be described in more detail later.

There are several techniques that can be used to
find the particular values of the state variables u
that minimize this cost function J: Here we follow
Bennett’s (1992, 2002) approach wherein the
calculus of variations is first applied to derive a
set of coupled Euler–Lagrange equations. In two
dimensions, these consist of the forward (linear-
ized) shallow water equations

@Z
@t

þ
@ðhuÞ

@x
þ

@ðhvÞ

@y
¼ CZl

Z;

@u

@t
� fv þ g

@Z
@x

þ tu ¼ Cuvl
u;

@v

@t
þ fu þ g

@Z
@y

þ tv ¼ Cuvl
v

ð3Þ

and the associated adjoint equations

�
@lZ

@t
þ g

@lu

@x
þ

@lv

@y

� �
¼ C�1

o

Xn

j¼1

ðZj � djÞ;

�
@lu

@t
þ f lv

� h
@lZ

@x
þ tlu

¼ 0;

�
@lv

@t
� f lu

� h
@lZ

@y
þ tlv

¼ 0: ð4Þ
Variable definitions are as follows: Z is the sea
surface elevation, (u; v) are the east–west and
north–south components of the velocity, h is the
water depth below mean sea level, g is the gravity,
t is the linear bottom friction coefficient, lZ is the
continuity equation residual, (lu; lv) are the
momentum equation residuals, (CZ;Cuv) and Co

are the dynamical and observational covariance
errors, respectively. Zj and dj are model elevations
at the observation locations and the observed
elevations, respectively. In this study, we assimilate
only elevation observations. Velocity observations,
were they to be included, would appear on the
right-hand sides of the adjoint momentum equa-
tions in a manner similar to that for the adjoint
continuity equation. E02 describe the procedure in
more detail.
There are obvious similarities in the structure of

the adjoint and forward equations. In fact, apart
from some sign changes and switches between the
location of the g and h multipliers, their forms are
identical. As pointed out by Bennett (2002),
coupling through the right-hand side of the adjoint
continuity equation means that the Euler–La-
grange equations are not two initial-value pro-
blems. Rather, they consist of a single, two-point
boundary value problem in the time interval ½0;T 
:
When solved in the time domain, the adjoint
equations require final conditions at t ¼ T while
the forward equations require the customary
initial conditions at t ¼ 0: However, as we solve
these equations in the frequency domain, final and
initial conditions are not needed. On the other
hand, boundary conditions are required. As the
coastal (no-normal flow) boundary conditions are
assumed to be exact, they are not included in the
cost function, J: Only conditions along the
specified boundaries need be considered, and since
we do not allow for any error in these conditions,
their counterparts for both the adjoint and
forward components of the representer calculation
are homogeneous (zero). Further details can be
found in E02 and E94.
To solve the Euler–Lagrange equations, we

follow the representer approach proposed by
Bennett (1992, 2002). In short, representers may
be viewed as basis functions that span the data

space (as opposed to the state space) of possible
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solutions. (More correctly, they are squares of
Green’s functions or error covariances, Bennett,
2002.) There is one representer associated with
each observation and each representer is computed
by replacing the summation on the right-hand side
of the adjoint continuity equation with a delta
function lying at the location of a particular
observation. This effectively de-couples the Eu-
ler–Lagrange equations. The lZ; lu; and lv

residuals arising from each impulse are then
computed using the adjoint equations and these
residuals are then convolved with the covariances
CZ and Cuv; and inserted on the right-hand sides of
the respective forward equations. A representer is
then the forward solution arising from a convolved
residual. The minimal solution of the cost function
is the sum of the prior model solution and a linear
combination of representers whose coefficients are
computed from a matrix equation with matrix
columns equal to a summation of data weights and
representer values at the observation sites. Again
we refer the interested reader to Bennett (2002) or
E02 for further details.

In the context of this application, we follow the
example of E02 and employ a wave equation
approach for solving both the adjoint and forward
equations. However, that is not to say that the cost
function is formulated in terms of the wave
equation. We retain the continuity equation
formulation and thereby reserve the option of
insisting (as is done in E02) that our optimal
solution conserves mass. Though such conserva-
tion may be reasonable in the context of finite
differences, it is less definitive for finite elements
where, in this case, continuity and momentum are
satisfied only in a Galerkin sense. Furthermore,
E02 work in terms of velocity transports whereas
we have adopted velocities. In our case, this means
that depth enters through the continuity equation
and thus inaccuracies in model bathymetry could
manifest themselves as continuity equation resi-
duals. For E02, depth enters via the momentum
equations and thus it is reasonable to insist on
mass conservation. Nevertheless, we retain the
option and will return to this point later. It should
be mentioned that our assumption of exact coastal
boundary conditions might also contribute to
continuity equation residuals. If for example, a
bay has been cut off or islands have been
consolidated, continuity violations might arise.
For this application, the dynamical error

covariances are assumed to be ‘‘bell-shaped’’ in
space so that the convolution operations on the
right-hand side of Eq. (3) have the form

CZ � l
Z
ðx; yÞ ¼

Z Z
expð�fx � x0Þ

2
þ ðy � y0Þ

2
g=L2

Þ

 lZ
ðx0; y0Þdx0dy0 ð5Þ

with L being the decorrelation scale. In practice,
this convolution is computed by solving a pseudo-
heat equation similar to that described in Chua
and Bennett (2001). The data error covariance C0

is assumed to be diagonal.
Although Lynch et al. (1998), Xu (1998), and

Foreman et al. (2000) have also performed inverse
calculations using FUNDY5, their approach is
quite different than the present one. Each of these
studies permitted errors only in the specified
boundary conditions (i.e., the dynamical equations
were assumed exact) and corrections to the prior
solutions were expressed as a linear combination
of solutions arising from impulse forcing at one, or
a contiguous set of, boundary nodes. In other
words, the dynamics were strong constraints in
these three studies, while they are weak constraints
here.
Fig. 5 shows the amplitudes and phases of the

elevation component of the representer associated
with Neah Bay (site 1 in Fig. 1). The values have
been scaled so they have 1 cm amplitude and 01
phase at Neah Bay. A 20 km decorrelation scale
was assumed for the dynamical covariance, and
errors were allowed in both the continuity and
momentum equations, with the latter scaled-up by
a factor of 10 so they would have magnitudes
comparable with the former in the cost function to
be minimized. (Trial and error tests revealed the
optimal solution is not overly sensitive to this
particular weighting.) The nonlocal signature of
the representer for Neah Bay is a reflection of the
resonance characteristics of the region (Sutherland
et al., in press). The interpretation of the
amplitude field is that a 1 cm error in the M2

amplitude at Neah Bay is associated with 1.6 cm
error in southern Puget Sound and 1 cm error in
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Fig. 5. (a) Amplitudes (cm) and (b) phase lags (degrees) of the M2 representer for Neah Bay (&) computed with a 20 km decorrelation

covariance function and residuals permitted in both the momentum and continuity equations. The fields have been scaled to have

amplitude 1 and 01 phase at Neah Bay.
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the northern Strait of Georgia. The phases show
an expected Kelvin wave progression of approxi-
mately 1301 to the northern Strait of Georgia and
1001 to southern Puget Sound. The amplitudes
would be much larger in the open ocean if errors
had also been permitted in the Dirichlet boundary
conditions. However, in this case we assumed these
conditions to be accurate.

Though not shown, the elevation representers
for Campbell River and Tofino (sites 20 and 32 in
Fig. 2) are different from that for Neah Bay. In the
former case, a 1 cm error at Campbell River shows
monotonically decreasing correlation southward
in Strait of Georgia and westward in Juan de Fuca
Strait to a value of less than 1mm at Neah Bay.
However, there is some amplification in Puget
Sound, going from an approximate value of
3.5mm at Port Townsend (site 5 in Fig. 2) to
about 6.5mm in the southern reaches. On the
other hand, the Tofino representer, like that for
Neah Bay, nicely displays the resonance around
Vancouver Island. The amplitude decays radially
in the open ocean and in Juan de Fuca Strait,
reaching a minimum of less than 1mm off
Victoria. But then it increases northward in the
Strait of Georgia and southward in Puget Sound
attaining maximal values of about 5.5mm in each.
Note that although only tide gauge harmonics are
being assimilated, all representers have nonzero
velocity amplitudes and phases that are dynami-
cally consistent with the elevation components just
described. The impact of these velocity compo-
nents will be discussed later.
Assuming a 4.0 cm2 error variance in the

harmonics at each tide gauge location, the
corrected M2 amplitudes (Fig. 6a) have average
rms errors (D in equation 1) of 2.9 and 3.0 cm for
the lZ

¼ 0 and lZa0 cases, respectively. Site-by-
site accuracy is given in Table 3. Clearly both
solutions are significant improvements over the
prior values listed in Table 1. For the lZ

¼ 0 case,
the ratio of largest to smallest eigenvalues in the
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Fig. 6. (a) M2 elevation amplitudes (cm) and (b) prior–posterior M2 major semi-axes (cm/s), after an assimilation of 32 tide gauge

harmonics that assumes no mass conservation. (c) D (Eq. (1)) modified so that Ao, Am, go, and gm are now the prior and posterior

amplitudes and phases, respectively.
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representer matrix was approximately 260, imply-
ing that none of the representers are redundant.
And when all the representers were scaled to have
1 cm elevation amplitude and zero phase at the tide
gauge locations with which they are associated, the
largest representer coefficients arose for Seymour
Narrows, Campbell River, Big Bay, and Chatham
Point. These are the same sites with the largest
remaining errors in Table 3, indicating that the
model is having the most problems there. The



ARTICLE IN PRESS

Table 3

Observed and post-inversion M2 elevation amplitudes (cm) and phase lags (degrees, UTC) at the numbered sites shown in Fig. 2

No. Site Observed Assuming lZ
¼ 0 D Assuming lZa0 D

Amp. Phase Amp. Phase Amp. Phase

1 Neah Bay 78.7 246.3 78.4 245.7 0.8 78.5 246.3 0.2

2 Port Renfrew 70.8 241.1 70.8 241.9 1.0 71.2 241.5 0.7

3 Port Angeles 51.4 307.1 50.5 307.6 1.0 51.3 307.9 0.7

4 Victoria 37.0 317.7 37.0 318.8 0.7 36.7 317.6 0.3

5 Port Townsend 68.4 350.5 68.5 351.7 1.4 69.1 350.9 0.9

6 Bangor 102.4 4.1 101.2 4.2 1.2 100.7 4.7 2.1

7 Seattle 107.0 11.4 107.8 10.8 1.4 106.5 10.8 1.2

8 Tacoma 113.9 11.8 115.1 11.8 1.2 113.8 11.8 0.1

9 Cherry Point 73.4 22.8 72.4 22.2 1.3 73.3 22.1 0.9

10 Friday Harbour 56.5 9.7 56.0 8.3 1.5 56.6 7.8 1.9

11 Hanbury Point 52.8 357.3 52.1 359.3 1.9 52.1 358.3 1.2

12 Sidney 55.4 5.9 55.2 8.0 2.1 53.8 8.5 2.9

13 Fulford Harbour 58.2 12.7 59.5 12.9 1.4 59.1 13.3 1.1

14 Patos Island 68.0 25.0 68.7 22.1 3.5 69.5 22.8 3.1

15 Tsawwassen 81.1 27.8 80.0 27.0 1.6 80.9 26.9 1.4

16 Point Atkinson 91.9 31.0 92.4 31.1 0.5 92.3 30.9 0.5

17 Winchelesea Is. 95.2 32.6 97.3 33.1 2.3 96.6 32.7 1.4

18 Little River 99.4 32.9 100.7 33.2 1.4 100.8 32.4 1.6

19 Twin Islets 101.3 35.4 99.3 33.8 3.4 100.2 32.4 5.4

20 Campbell River 82.5 18.4 79.3 9.3 13.2 80.1 8.5 14.2

21 Seymour Narrows 94.6 320.1 82.5 328.4 17.6 80.1 328.3 19.1

22 Owen Bay 85.0 319.9 85.6 321.4 2.4 84.3 321.5 2.6

23 Big Bay 75.5 14.9 74.9 7.3 9.9 76.8 6.7 11.0

24 Chatham Point 90.3 305.1 82.8 310.1 10.7 81.0 310.1 12.0

25 Yorke Island 117.1 271.8 119.8 271.4 2.8 119.9 271.2 3.0

26 Alert Bay 127.2 259.5 129.2 259.6 2.0 129.4 259.7 2.3

27 Port Hardy 133.2 253.2 133.0 253.2 0.3 133.1 253.2 0.1

28 Montagu Point 152.7 261.9 152.1 261.9 0.7 151.6 261.8 1.2

29 Siwash Bay 156.2 265.4 156.8 264.5 2.6 156.4 264.5 2.5

30 Winter Harbour 100.0 243.2 100.1 243.2 0.1 100.1 243.2 0.1

31 Bella Bella 131.1 249.7 131.0 249.7 0.1 131.1 249.7 0.1

32 Tofino 98.5 241.9 98.3 241.6 0.5 98.4 241.7 0.3

Note: Differences D are calculated using Eq. (1).
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precise reason for this is unclear but it may
because the nonlinear terms are large throughout
these northern channels and the representers may
need to be developed using a tangent linear
approach, rather than with the linearity assump-
tion used here. Not surprisingly, the smallest lZ

¼

0 coefficients were at the offshore sites of Tofino,
Winter Harbour, and Bella Bella where the prior
solution was already reasonably accurate. For the
lZa0 case, the ratio of the largest to smallest
eigenvalues was approximately 220 and the largest
representer coefficients were associated with the
same four sites. As seen in Table 3, there is not
much difference between the lZ

¼ 0 and lZa0
solutions.
In addition to improvements to the elevation

harmonics, Table 4 shows that there have also
been adjustments to the current fields. The major
semi-axes (maximal speeds) for the lZ

¼ 0 case
are generally smaller than those for the prior
solution at the three southern sites, and approxi-
mately the same or slightly larger at the northern
sites. The lZa0 corrected currents are improved at
the southern sites and largely unchanged at the
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Table 4

Observed and model along-channel M2 current amplitudes (cm/s) and phase lags (degrees, UTC) at the numbered sites shown in Fig. 2

No. Site Observed Prior D lZ ¼ 0 D lZa0 D

Amp. Phase Amp. Phase Amp. Phase Amp. Phase

33 Juan de Fuca West 38.9 294 50.2 303 13.2 26.0 278 15.6 35.2 307 9.2

34 Juan de Fuca East 73.5 304 93.2 305 19.8 49.2 289 28.9 67.5 310 9.5

35 Haro 183 51.3 321 60.1 314 11.1 23.9 301 30.0 39.0 326 12.9

36 Seymour Narrows 466.1 113 373.6 133 171.9 409.1 141 218.8 410.7 139 204.5

37 Arran Rapids 456.4 267 629.2 286 247.3 651.0 292 305.8 653.5 292 307.8

38 Johnstone Strait 38.1 88 65.2 118 37.4 62.5 121 36.9 64.6 122 39.3

39 Weyton Passage 165.4 82 119.2 119 100.4 118.9 121 104.5 126.2 125 112.9

Note: Differences D (cm/s) are calculated using Eq. (1).
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northern sites. As seen in Fig. 6b, assimilation has
reduced the currents speeds by at least 10 cm/s
throughout most of Juan de Fuca Strait, the Gulf/
San Juan Islands, and the southern Strait of
Georgia, and generally increased them in northern
Georgia and up through to Johnstone Strait. It
therefore seems that relaxing mass conservation to
a weak constraint has had little effect on the
accuracy of the elevations but produced more
accurate currents. Though this result warrants
further investigation, we suspect that the continu-
ity equation errors are largely associated with
inaccurate bathymetry. As the continuity equation
links depth and velocity, allowing for errors in the
former will certainly permit more flexibility in the
latter.

Fig. 6c illustrates the complex elevation ampli-
tude differences between the prior solution and the
lZa0 posterior solution. In particular, the quan-
tity plotted is D (Eq. (1)) modified so that Ao, Am,
go, and gm are now the prior and posterior
amplitudes and phases, respectively. Because the
posterior solution is so accurate with respect to the
observed harmonics for the tide gauges listed in
Tables 1 and 3, this plot is essentially a smooth
interpolation of the M2 D values listed in Table 2.

Figs. 7a and b show close-ups of the M2 major
semi-axes for two important regions of the model
domain. To the south, large values seen around
Race Rocks, Chatham and Discovery Islands,
Deception Pass, Admiralty Inlet, Tacoma Nar-
rows are in generally good agreement with F95. To
the north, large values are evident in Seymour
Narrows, Discovery Passage, Weyton Passage,
and Arran Rapids.
Finally, Fig. 8 shows amplitudes of the con-

tinuity and momentum equation residuals asso-
ciated with our lZa0 assimilation solution. The
continuity residuals are seen to be quite noisy with
larger values in the narrow channels and regions
with large depth gradients. This is consistent with
the supposition that these errors are associated
with inaccurate bathymetry. The momentum
residuals are large at several locations in the Gulf
and San Juan Islands and northern passages where
currents are strong (Fig. 6), or where internal tide
generation and strong mixing (Gargett, 1976;
Thomson and Huggett, 1980; Farmer et al.,
1995) are known to occur. Consequently, they
may reflect the additional dissipation mechanisms
occurring in these regions.
5. Energy balance and dissipation estimates

An energy balance equation (similar to that
described in Le Provost and Lyard, 1997; Egbert,
1997) can be derived from the 2D linearized
shallow water Eq. (3) as

@E

@t
þ r � F ¼ � rthðu2 þ v2Þ

þ hrðulu
þ vlv

Þ þ grlZZ; ð6Þ

where

E ¼ 0:5rfhðu2 þ v2Þ þ gZ2g
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Fig. 7. Posterior M2 major semi-axes (cm/s) for (a) southern and (b) northern regions of the model domain.
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and

F ¼ ghrZðu; vÞ

are the energy density per unit area and depth
integrated energy flux, respectively, and r is the
water density. The first term on the right-hand side
of Eq. (6) is the positive definite dissipation arising
from bottom friction. The momentum and con-
tinuity residuals (second and third terms on the
right-hand side of Eq. (6)) also contribute to the
energy balance, but are not positive definite. We
interpret these terms as additional sources or sinks
of energy, correcting the dissipation due to bottom
friction. Fig. 9 shows the spatial distribution of the
first two right-hand side contributions. As might
be expected from Fig. 8a, the continuity residual
dissipation is quite noisy and has not been shown.
However, its effects are discussed later.

The bottom friction dissipation contours
(Fig. 9a) are similar to those shown for Juan de
Fuca Strait in Plate 5a of Foreman et al. (2000). As
expected, large values are generally seen in regions
with strong currents (Fig. 6). However, the
contribution of the momentum equation residuals
to the dissipation is certainly comparable to the
explicitly modelled dissipation in regions such as
Haro Strait, Boundary Pass, and Discovery
Passage. The calculations also show an energy
source along Johnstone Strait, suggesting that
bottom drag produces excessive dissipation in this
region.
Table 5 partitions the energy dissipation in

various subregions of the model domain. In Juan
de Fuca Strait, the momentum equation residuals
are seen to add, and the continuity residuals
subtract, slightly more dissipation to the system.
In the Gulf/San Juan Islands, the momentum
equations residuals generate approximately the
same amount of dissipation as bottom friction,
while the continuity residuals add substantially
more. Both residuals remove a small amount of
dissipation in Admiralty Inlet. In the Northern
Channels, momentum subtracts (the Johnstone
Strait negative contribution overrides the positive
contributions in Discovery Passage and Seymour
Narrows) and continuity adds.
These estimates for the southern regions of the

model domain are in reasonable agreement with
the estimates given in F95. Table 6 compares
energy fluxes crossing the same transects shown in
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Fig. 8. Amplitudes of the (a) continuity (m/s), (b) u momentum (m/s2), and (c) v momentum (m/s2) equation residuals associated with

the lZa0 assimilated solution.
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Fig. 9 of F95. There is generally good agreement
between the present corrected model values and
those of F95. The only notable discrepancy is that
the present model has more energy flowing into
Puget Sound. This is not surprising given that F95
did not explicitly include Puget Sound and had a
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Fig. 9. M2 dissipation (W/m2) arising from (a) bottom friction and (b) momentum equation residuals in the energy balance equation.

Table 5

M2 dissipation (GW) in model subregions

Bottom friction Momentum residuals Continuity residuals Total

Juan de Fuca Strait 1.55 0.12 �0.23 1.44

Admiralty Inlet 0.50 �0.08 �0.06 0.36

Gulf and San Juan Islands 0.54 0.57 1.42 2.53

Northern Channels 3.37 �1.45 0.72 2.64
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forcing boundary near transect 2. However, like
F95, C88 also estimated the energy flux into Puget
Sound as approximately 0.5 GW.

Notice that both F95 and the post-assimilation
model have considerably more energy flowing into
Haro Strait than the prior model. This is
consistent with larger dissipation in the Gulf and
San Juan Islands and helps to explain why C88
obtained reasonably accurate simulations by
increasing their drag coefficient in this region.
Our flux estimate of 2.0GW entering Queen
Charlotte Strait is slightly larger than the C88
estimate of 1.6GW.
6. Summary and future work

The preceding presentation has described the
application of an assimilating, 3D, M2 barotropic
tidal model for the waters surrounding Vancouver
Island, including Puget Sound. Initial calculations
with a conventional value for the quadratic
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Table 6

Vertically integrated M2 tidal power flux (GW) across model

transects

Transect

no.

Location F95 Prior Corrected

1 Mid-JdF Strait 3.3 3.2 3.0

2 Admiralty Inlet 0.5 0.7 0.7

3 Into Haro Strait 1.2 0.8 1.2

4 MIDDLE

Channel

0.1 0.1 0.2

4 Into Rosario

Strait

0.4 0.3 0.5

6+7 Into Georgia 1.1 0.8 1.0

Into Queen

Charlotte Strait

— 2.0 2.0

Note: Numbered transects refer to those shown in Fig. 9 of F95.

M.G.G. Foreman et al. / Continental Shelf Research 24 (2004) 2167–2185 2183
bottom friction coefficient produced elevation
amplitudes that were much too large in Puget
Sound and the northern Strait of Georgia.
Assimilating harmonics from 32 tide gauges not
only improves the elevation accuracy consider-
ably but also generally improves the associated
currents.

The assimilation was carried out using Bennett’s
(1992, 2002) representer approach and this proved
to be an efficient and instructive way to solve the
inverse problem. Representers were constructed
for each tide gauge location and shown to convey
information on both the overall resonance char-
acteristics of the region, and the error covariance
fields associated with observations from each site.
With the exception of Johnstone Strait, inspection
of the post-assimilation momentum equation
residuals revealed several regions where increased
energy dissipation was required for the dynamical
equations to be consistent with the observations.
Though somewhat more noisy, the larger con-
tinuity equation residuals generally arose in
narrow channels and regions with strong depth
gradients. They were therefore thought to reflect
inaccuracies in the model bathymetry. Estimates of
the energy dissipation associated with bottom
friction and these residuals were computed and
agreed qualitatively with those from previous
studies.
Further investigation is warranted on many
fronts. A few that we hope to pursue are listed
below.
1.
 As most practitioners of data assimilation
would admit, the specification of error covar-
iance plays an important role in the subsequent
solution. All the choices made here (e.g.,
relative weights for the continuity and momen-
tum equations, the ‘‘bell-shaped’’ spatial covar-
iance, a 4 cm2 error variance for the observed
harmonics) were quite simple and require
further examination.
2.
 The preceding calculations were carried out for
only one constituent. To eventually produce an
accurate tidal simulation for the Fuca/Georgia/
Puget region, it will be necessary to carry-out
similar calculations for additional constituents.
Representers for the other semi-diurnals will
probably have similar features to those for M2.
On the other hand, diurnal representers could
be quite different given the existence of diurnal
shelf waves along the western continental shelf
off Vancouver Island (Crawford and Thomson,
1984; Cummins et al., 2000), and stronger
resonance in the Strait of Georgia (Sutherland
et al., in press).
3.
 Only elevation observations were assimilated
here and as current observations are also
available, they should be used. They may be
particularly useful in some of the channels (e.g.,
Johnstone Strait and Weyton Passage) where
the present solution is still inaccurate. It will
also be interesting to see how the assimilation of
current, as well as elevation, observations
changes the relative accuracy of the lZ

¼ 0
and lZa0 solutions.
4.
 The preceding calculations permit errors in only
the dynamical equations. Though our forcing
boundary conditions were taken from a larger
assimilating model and thus thought to be quite
accurate, slight errors could be permitted.
Similarly, though the grid was highly resolved
and thought to provide a good representation
of the coastline, our coastal boundary condition
(no-normal flow) could be relaxed, as in E02.
5.
 Once continuity and momentum residuals have
been calculated for the eight major constituents,
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we could insert these values as extra terms in the
prior (TIDE3D) solution and calculate a second
iterate. Lynch et al. (1998) carried out several
such iterations in their strong-constraint assim-
ilation around Georges Bank. Alternatively, the
dissipation associated with the momentum
equation residuals might be used to compute
spatially varying bottom drag coefficients
(tuned to obtain a better fit to observations),
analogous to those used in C88.
6.
 Finally, though applied here for 2D tides, the
representer approach can be extended to three
dimensions and other oceanographic phenom-
ena, such as the calculation of internal tides
(Kurapov et al., 2003) and seasonal climatology
for the British Columbia continental shelves.
Some of these computations can be carried out
with the harmonic models TIDE3D and FUN-
DY5 that were used here while others will
require time stepping codes.
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